Multi-GeV-class laser plasma accelerating modules are key components of laser plasma accelerators, because they can be used as a booster of an upstream plasma or conventional injector or as modular acceleration sections of a multi-staged high energy plasma linac. Such a plasma module, operating in the quasi-linear regime, has been designed for the 5 GeV laser plasma accelerator stage (LPAS) of the EuPRAXIA project. The laser pulse (∼150 TW, ∼ 15 J) is quasi-matched into a plasma channel (n p = 1.5 × 10 17 cm −3 , L ∼ 30 cm) and the bi-Gaussian electron beam is externally injected into the wakefield. The beam emittance is preserved through the acceleration by matching the beam size to the transverse focusing fields. And a final energy spread of <1% has been achieved by optimizing the beam loading effect. Several methods have been proposed to reduce the slice energy spread and are found to be effective. The simulations were conducted with the 3D PIC code Warp in the Lorentz boosted frame.
Introduction
Plasma-based accelerators have been drawing worldwide attention for decades for their capability of sustaining an accelerating gradient from a few GV/m up to 100 GV/m [1, 2, 3, 4] and are considered as potential candidates to drive compact Xray light sources [5] or lepton colliders [6] in the longer term. For those high energy demands, GeV-scale plasma accelerating modules are envisaged as building blocks of a multi-staged plasma linac.
In this paper we present the design of such a plasma module operating in the quasi-linear regime for the EuPRAXIA project [7] , where a 30 pC electron beam of 150 MeV, externally injected from a plasma or RF injector, is accelerated to 5 GeV. The beam quality should also be excellent and meet stringent requirements -low emittance (ε n,x < 1 µm), low energy spread (σ E /E < 1%) and low slice energy spread (σ E s /E < 0.1%) -as it is used to drive an X-ray FEL. In the quasi-linear regime, the laser strength (a 0 1) is not only small enough to avoid selftrapping of background electrons and to allow a better stability, but also not too small to achieve GeV's energy gain within a reasonable plasma length. The parabolic plasma channel [8] was chosen to guide the laser pulse.
In this study, the key parameters of the laser pulse and the plasma channel were inferred from analytical expressions. Based on simple formulae valid in the quasi-linear regime and in the plasma channel [3, 6, 9, 10, 11, 12] , the energy gain of the electron beam was derived by taking the dephasing, the power depletion and the self-steepening effects into account.
It will be shown later that the beam emittance can be preserved by transversely matching the beam to the linear focusing field. Although the beam loading effect introduces a non-linear transverse field, the degradation of beam emittance is small enough at the current bunch charge. The correlated beam energy was minimized by the compensation of the wakefield curvature with the beam loading effect [13, 14] . However, in the quasi-linear regime, the beam loading also produces a nonuniform longitudinal field in the radial direction and thus induces an uncorrelated energy spread or slice energy spread. In order to reduce it, two methods have been proposed and studied. Throughtout this study, the simulations were carried out with the 3D PIC code Warp [15] and by using the boosted frame technique, which reduced the computation time by a factor of several hundreds.
Scaling laws in the quasi-linear regime
The operation in the quasi-linear regime requires k [6] , where
1/2 is the wavenumber of the plasma wakefield, c is the velocity of light in vacuum, n p is the plasma density, m e and e are the mass and charge of the electron, respectively, ǫ 0 is the electric constant, w 0 is the spot size,
2 are the laser power and the critical power, respectively, and ω 0 the angular frequency of the laser. For the resonant pulse length, k p σ L = √ 2, with σ L the rms length of the laser amplitude, the plasma wave can be efficiently excited and the amplitude of accelerating field is given by [3] E z,max = 0.76a
where E 0 = m e c 2 k p /e is the nonrelativistic wave breaking field. For a matched laser in a parabolic plasma channel, the phase velocity of the wake is [10] . The power depletion length is given by
The self-steepening effect is related to the power depletion length by assuming that [11] , with E z,max (0) given by Eq. (1). In the quasi-linear regime, the energy gain of the electron beam is obtained by
where γ b is the Lorentz factor of the beam and L acc is the plasma length. Integration of Eq. (2) leads to
The maximum energy gain is achieved when the beam is accelerated over the full dephasing length (L acc = L dp ),
Considering the EuPRAXIA project, the energy gain is 4.85 GeV. For the operation in the quasi-linear regime a 0 = √ 2 was chosen, giving a spot size of 1.7 ≤ k p w 0 ≤ 4. Then by solving Eq. (3) with L acc as an unknown variable, we can obtain the required plasma length as a function of its density. It turns out that there is a plasma density that minimizes the plasma length, as shown in Fig. 1 . The optimal plasma density is around 1.5 × 10 17 cm −3 , corresponding to a plasma length around 30 cm. The typical parameters for the EuPRAXIA accelerating module are listed in Table 1 , where a not so large spot size was chosen to reduce the plasma size and thus the computation time. 
Guiding of laser pulse in a plasma channel
The propagation of a laser pulse over a few tens of centimeters in the plasma requires the use of an optical guiding technique, for instance, a capillary tube or a preformed plasma channel. Previous studies on acceleration with capillary tubes [16] have shown that the excitation of higher modes when the laser pulse is coupled into a capillary tube would result in a 
1.0 π mmmrad bunch length σ z 1 − 3* µm modulation of the transverse plasma wakefield, which in turn defocuses the electrons quickly and leads to beam losses on the capillary wall. Possible remedies have been proposed, for example the operation in the non-linear regime far from the resonance condition or the coupling of a laser pulse with a Bessel transverse distribution in order to excite only the fundamental mode. In this study, the preformed plasma channel is used to guide the laser pulse. The plasma channel has a parabolic transverse density distribution that is described by
where n 0 is the on-axis plasma density and ∆n is called the channel depth. A low-power (P ≪ P c ) and low-intensity (a 0 ≪ 1) laser pulse propagates without spot and intensity oscillations when the spot size and the channel depth fulfill the matching conditions, w 0 = r 0 and ∆n = ∆n c , where ∆n c = (πr e r 2 0 ) −1 is called the critical channel depth and r e = e 2 (4πǫ 0 m e c 2 ) −1 is the classical electron radius.
In the case of a higher power (P P c ) and/or intensity (a 0 ∼ 1) laser, the channel depth for matched propagation should be reduced, owing to the extra-guiding coming from relativistic self-focusing and ponderomotive self-channeling [8] . A scan of the channel depth shows that the laser pulse can be quasimatched for ∆n/∆n c ≈ 0.6 (Fig. 2) where both laser strength and spot size have damped oscillations around their injected values. The laser strength is slightly increased due to the selfsteepening effect.
The wakefields excited by the laser in the plasma channel (∆n/∆n c = 0.68) are shown in Fig. 3 , with the fields in the density plot normalized to E 0 . The accelerating field amplitude is 20 GV/m, agreeing very well with Eq. (1). The laser plasma interaction is well in the quasi-linear regime, i.e. no longer in the pure linear regime but still far from the bubble regime. 
Preservation of beam emittance
The plasma wakefield provides a linear transverse focusing force near the beam axis, meaning that the beam emittance could be preserved if the beam size is matched. The matched size can be derived as follows [17] 
where β m is the betatron amplitude of the beam, and E r − cB θ is the transverse field that can be evaluated from simulations. Without the beam, the transverse field is linear within the range ±5 µm and can be easily inferred from a linear fit (red points and dashed blue line in Fig. 4 ). For ε n,x = 1 µm, the matched beam size is 1.3 µm. When the beam (Q = 30 pC) is present, the beam loading (i.e. the wakefield driven by the beam itself) introduces additional nonlinear transverse field (green line in Fig. 4 ) and results in an emittance growth. Figure 5 shows the final beam emittance as a function of the beam size. The lowest emittance (with a growth of only 3%) was found for σ x = 1.4 µm, very close to the theoretical one. 
Optimization of beam energy spread
There are several sources of energy spread. First, the correlated energy spread is induced by the wakefield curvature and the longitudinal beam loading effect, as illustrated in Fig. 6 . They can cancel each other out by choosing a proper bunch profile [13, 14] . For an initial energy spread of 0.5 %, we scanned the bunch length to balance the wakefield and the beam loading effect. The injection phase was fixed at the crest of the wakefield. The correlated energy spread at the exit of the plasma channel (beam energy of 5 GeV) as a function of the bunch length is shown in Fig. 7(a) . It is found that the optimal bunch length is σ z = 2.0 µm, corresponding to an energy spread lower than 1%. The evolutions of the beam energy and energy spread along the plasma channel for this bunch length are shown in Fig. 7(b) . In addition, the laser-driven wakefield as well as the longitudinal beam loading have radial dependences which will induce an uncorrelated energy spread, also called slice energy spread. In a uniform plasma, the laser-driven wakefield has the form of E z (z) exp(−2r 2 /w 2 0 ) [3] and can r-independent near the axis when the laser spot size is much larger than the beam size. However, the radial dependence of the longitudinal beam loading can be significant and induce too high slice energy spreads for using the beam as an efficient FEL driver. Figure 7(c) shows the distribution of the slice energy spread at the exit of the plasma channel, with the maximum of 0.27 % appearing near the bunch center.
The accelerating field experienced by one particle is the sum of the laser-driven wakefield and the beam-driven wakefield (see Fig. 6 ), E acc (ξ, r) = E z z + ξ + E b (ξ, r), where z is the longitudinal coordinate of the reference particle in the laboratory frame, ξ is the longitudinal coordinate within the co-moving bunch. The beam-driven wakefield is E b (ξ, r) = E b (ξ)R(r), whereR(r) = R(r)/R(0) represents the radial dependence and
| from the linear theory [18] , with n ⊥ the radial distribution of the beam and K 0 the modified zero-order Bessel function. The function R(r) for the plasma density of 1.5 × 10 17 cm −3 is shown in Fig. 8 (a) for different radial beam sizes. The energy gain deviation between an off-axis electron and an on-axis electron is dE(ξ, r) = eE b (ξ) 1 −R(r) dz. The final relative energy deviation is obtained by integration:
where we assume a "frozen" bunch shape during the acceleration as the incoming beam energy is sufficiently high and ∆W b is the energy gain of the reference particle. In Fig. 8(b) , the quantity 1 −R(r = σ r ) is plotted as a function of the normalized beam size. Eq. (7) clearly shows that i) the slice energy spread is peaked when E b (ξ) reaches its maximum and ii) it can be improved by reducing the normalized beam size as Fig. 8(b) implies and therefore by reducing the beam emittance, according to Eq. (6). In addition, both E b (ξ) and ∆W b /L acc in Eq. (7) depend on the plasma density, meaning that the slice energy spread might also be reduced by tuning the plasma density. Simulations have been carried out with either a reduced beam emittance or a lower plasma density. The results are shown in Fig. 9 . When the beam emittance is reduced from 1.0 µm to 0.5 µm, the maximum slice energy spread is reduced by 38%. When the plasma density is reduced from 1.5×10 17 cm −3 to 1.0×10 17 cm −3 , the maximum slice energy spread is reduced by 33%, with the plasma length increased from 31.5 to 35 cm. Further reduction of the plasma density sees an increase of the slice energy spread again.
Conclusions
The design and optimization of a 5 GeV laser plasma accelerator in the quasi-linear regime was presented. The laser pulse was guided in a 30 cm long parabolic plasma channel, exciting an accelerating gradient of ∼20 GV/m. The beam was optimized both transversely and longitudinally. By optimizing the beam size, low emittance was preserved throughout the acceleration. And by optimizing the bunch length, low energy spread (σ E /E < 1%) was achieved. Special care was given to the slice energy spread which could be a key issue for the beam to drive X-ray FELs. Preliminary results have demonstrated that it could be improved by reducing the beam emittance or choosing a lower plasma density. While it is very difficult to reduce the beam emittance, futher studies will be carried out on the optimization of the laser-plasma parameters, for instance the plasma density and the laser strength to achieve a slice energy spread small enough for X-ray FELs.
